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{ an airport are shown in the table below. The

The charges for parking a car in a short-term car park &
(otal charge is dependent on the length of time ¢ the car is parked.

Car park charges
Time t (hours) | Charge
0 - 1 hours $5.00
1 - 2 hours $9.00

2 - 3 hours $11.00
3.6 hours | $13.00
6 - 9 hours $18.00
9 - 12 hours $22.00
| 12 - 24 hours | $28.00

Looking at this table we might ask: How much would be charged for exactly onc hour? Would it be |

$5 or 39?7

To avoid confusion, we could
means a time over 2 hours up o

adjust the table or draw a graph. We indicate that 2 - 3 hours really
and including 3 hours, by writing 2 < t < 3 hours.

Car park charges 30, e —

Time € (hours) | Charge charge (5) |
0<t<lhourss | $5.00 20 —

1 <t < 2 hours $9.00 o exclusion

2 < t < 3 hours $11.00 o_.o-——O e inclusion

3 < ¢ < 6 hours | $13.00 0] o

6. <& hors e ]» | time (hours)
g < t < 12 hours | $22.00 P S e
12 < £ < 24 hours | $28.00 : 5 6 o9 12 15 1 21 A

In mathematical terms, we have a relationship between 1wo variables time and charge, S0 the schedule

of charges is an example of a relation.

A relation may consist of finite number of ordered pairs, such as {(1, 5), (=2 3), (4, 3), (1, 6)}

or an infinite number of ordered pairs.

The parking charges example is clearly the latter as every real value of time in the interv

hours is represented.

al 0<t€24

The sct of possible values of the variable on the horizontal axis is called the domain of the relation.

e the domain for the car park relation is {(t\0<t= 24}

o the domainof {(1.5). (=2 3) (4.3} (1, 6)} is (-2 1.4}
The set of possible values on the vertical axis is called the range of the relation.

For cxample: o the range of the car park celation is {5, 9, 11, 13, 18, 22, 28}

o the range of {{1,5). (-2 3), (4, 3), (L, 6)} is {3, 5, 6}.

We will now look at relations and functions more formally.

For example:
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RELATIONS
A relation is any set of points which connect two variables.

A relation is often expressed in the form of an equation connecting the variables x and y. In this case

the relation is a set of points (x, y) in the Cartesian plane. »

This plane is separated into four quadrants according to the
signs of = and y. 2nd quadrant | 1st quadrant

- & -
3rd quadrant | 4th quadrant

&

Forexample, y=z+3 and z=y® are the equations of two relations. Each equation gencrates a
sct of ordered pairs, which we can graph:

However, a relation may not be able to be defined by an equation. Below are two examples which show
this:

v (2) kK
-
.
-
- .
- (9 > - .
I ° ° « ¥
-
e .
J
~ The set of all points in the first guadrant is the These 13 points form & relation.
 relation 250, y>0

ONS

A function, sometimes called a mapping, is a relation in which no two
. @ﬂm ordered pairs have the same x-coordinate or first component.

from the above definition that a function is a special type of relation.

is a relation, but not every relation is a function.
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TESTING FOR FUNCTIONS
Algebraic Test:

If a relation is given as an cquation, and the substitution of any value for =
results in one and only one value of y, then the relation is a function.
For example:
y=3xr -1 isa function, as for any value of x there is only one corresponding value of y
x = y* isnota function since if =4 then y= +2.
Geometric Test or Vertical Line Test:
If we draw all possible vertical lines on the graph of a relation, the relation:

e s a function if each line cuts the graph no more than once
e is not a function if at least one line cuts the graph more than once.

m— 1 o Self Tutor
Which of the following relations are functions?

a y b <

a function

GRAPHICAL NOTE

e Ifa graph contains a small open circle such as —o— this point is not included.
e If a graph contains a small filled-in circle such as et , this point is included.

e Ifa graph contains an arrow head at an end such as — | then the graph continues indefinitely
in that general direction, or the shape may repeat as it has done previously.

EXERCISE 2A
1 Which of the following sets of ordered pairs are functions? Give reasons for your answers.
a {(1,3),(2 4), (3, 5), (4. 6)} b {(1,3),(3.2),(1,7),(-1,4)}
¢ {(2, =1),(2,0), (2 3), (2, 11)} d {(7,6), (5, 6), (3, 6), (—4, 6)}

e {(0,0),(1,0),(3,0), (5 0)} f {00, 0), (0, -2), (0, 2), (0, 4)}
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2 Use the vertical line test to determine which of the following relations are functions:

N AL
‘{él g .

L
™

S Y h u i u

r
0 z
-— -
v

3 Will the graph of a straight line always be a function? Give evidence to support your answer.

& Give algebraic evidence to show that the relation 2 4+ y* =9 is not a function.

If 4 is the input fed into the machine,
the output is  2(4) + 3 = 11.

The above ‘machine’ has been programmed to perform a particular function,
If f is used to represent that particular function we can write:
[ is the function that will convert & into 2 + 3.

So, f would convert 2 into 2(2)+3=7 and
-4 into  2(—-d) 43 = -5,
This function can be written as:
B f:.:lt »-»2.::-{-3 (/(m) is read as“fof:c“.)

function f such that r is converted into 2r + 3
Two other cquivalent foorms we use are  f{x) =2xr+3 and y=2x+3.

f(x) is the value of y for a given value of z, s0 y = f(z).
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[ is the function which converts x into f(x), 30 we write L
[z f(z). . @n
y = f(z) is sometimes called the function value or image of z. fz)=20+3 1/
For f(z) =2z +3: EEEEY,
o f(2)=2(2)+3=T7 indicates that the point (2, 7) lies on - —s—n
the graph of the function.
o f(=4)=2(-4)+3= -5 indicates that the point (-4, —5) _ ,
also lies on the graph. (-4.-5)
A linear function is a function of the form  f(x) = ax 4+ b where a, b are real constants.
The graph of a lincar function is a straight line.
| Example 2 [
If f:zw+ 222 -3z, find the value of: a f(5) b f(-4) -
flz) = 22* — 3z
a f(5) =2(5) - 3(5) {replacing x with (5)}
=2x25-15
=35
b f(—4)=2(—4)* -3(-4) {replacing z with (—4))
= 2(16) + 12
=44
If f(x)=5—xz~2z% findinsimplestform: a f(-z) b f(z+2)
a f(-z)=5-(-1) - (-2)? {replacing x with (-z)}
=5+z-2° H
b flxr+2)=5-(z+2)—(z+2)° {replacing = with (x + 2)}
=5~z —2—[2? + 4z + 4
=3-z~a° -4z -4
=—z* -5z -1
EXERCISE 2B
1 If f:2+—3x+2, find the value of:
a fi0) b f(2) < f(-1) d f(-5) e f(-3)
2 If f:ox—82~27+2 find the value of: :
a f(0) b f(3) ¢ f(-3) d f(-7) e j(§) |
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if g: sz-;. find the value of:

a g(l) b g(4) ¢ g(-1) d g(~4) e g(-4)
If f(z)=7-3r, findin simplest form:
a f(a) b f(-a) ¢ fla+3) d f(b-1) e flxr+2) f flx+h)

If F(z)=2x?+3c—1, find in simplest form:
a Flx+4) b F(2-12) ¢ F(-x) d F(z?) e F(z2-1) f F(z+h)

Suppose G(z) = 2::13.
Evaluate: 1 G(2) W1 G(0) i G(-3)

a
b Find a value of 2 such that G{x) does not exist.
3
d

Find Gz +42) in simplest form.
Find x if G(x) = -3,

[ represents a function. What is the difference in meaning between f and f(x)?

The value of a photocopier ¢ years after purchase is given by
V(t) = 9650 — 860t euros.
a Find V(4) and state what V(4) means.
b Find t when V(&) = 5780 and explain what this represents,
¢ Find the original purchase price of the photocopier.

On the same set of axes draw the graphs of three different functions f(x) such that f(2) =1 and
J(5)=3.
Find a lincar function f(z) =axr+b forwhich f(2)=1 and f(-3) =1L

Given f(z) =ax+ E, f(1)=1, and f(2) =35, find constants a and b.

Given T(z)=az’+br+c, T(0)=—-4, T(1)= -2, and T(2) =6, find o, b, and c.

The domain of a relation is the set of values of x in the relation.

The range of a relation is the set of values of y in the relation.

The domain and range of a relation are often described using set notation.

For cxample:

(1) y All values of = = —1 are included,
/ so the domainis {z |z = ~1}.
' All values of y = —3 are included,

) /[/ ) so the range is {y |y = -3).
(~1,-3)




60  FUNCTIONS  (Chapter 2)

(2) Ay & can take any value,
(1) so the domain is {x | » € R}
¥ cannot be > 1,

-z so the range is {y |y < 1}
(3) T x can take all values except 2.
so the domain is {x | = # 2}
—-— ¥ can take all values except 1,

I RRNISNISERNES — ? 0000000 sm et omas s et . SO 'hc mnge is {y | y % l}.

N i
\

1 x=2

NUMBER LINE GRAPHS
We can illustrate sets of values on a number line graph. For example:
{z|z 23} 18 read ‘the set of all  such that = is greater than or equal to 3°

and has number line graph — .

3 :

[z|z <2} has number line graph S x
{z|-2<x<1} has number line graph - _2¢ ’1 >z
{z|z<0 or z >4} has number line graph '—3 ?_’z

4—-&—03 For numbers befween a and b we write a < x < b.

a b
-‘—#;—F— T For numbers ‘ousside’ a and b we write z <a or x > b.

DOMAIN AND RANGE OF FUNCTIONS

To fully describe a function, we need both a rule and a domain.
For example, we can specify f(x) = 2? where z = 0.

[f a domain is not specified, we use the natural domain, which is the largest part of & for which f(x)
15 defined.

For example, consider the domains in the table opposite: flz) | Natural domain
3 R
Click on the icon to obtain software for finding the j,_ . i 0
domain and range of different functions. > W
1
DOMAIN = z#0
AND RANGE
'W’ 7'_5 z2>0
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For each of the following graphs state the domain and range:

a 'y b

(4.3)

e

T

(8. -2)

//
> T

(2, ~1)

a Domamis {z |z < 8}
Rangeis {w|y = -2}

b Domain is
Range is

{z | z € R}
(vlyz -1}

State the domain and range of each of the following functions:

a f(x)=vz=5 b flz)= ——

1
z2=5

a Vz-5 isdefinedwhen z-520 v
. T 2B
the domainis {z |z = 5}.
A square root cannot be negative.
the range is  {y |y = 0},

b —— isdefined when z—35#0 ;
z—5 < X
T2 b

the domainis {x | = # 5}.

No matter how large or small = is, y = f(z)
is never zero,

the range is {y |y # 0}.

1 i
[ Ty is defined when = -—5>10 sy
P e
the domainis {x |z > 5}

y = f(z) is always positive and never zero,
the rangeis {y |y > 0}
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EXERCISE 2C
1 For each of the following graphs, find the domain and range:

a v b y <
[—1.3)\

\ (-1.1) (5.3)

2 State the values of x for which f(x) is defined, and hence state the domain of the function,
-7

a flz)=vz+6 b f.-z-.—ﬁ- < f(‘r)=ﬁ
3 Find the domain and range of cach of the following functions:

a f:z—2r-1 b f(xr)=3 ¢ frz—

d flo)= — ¢ f=)=-— t Sz ——

& Use technology to help sketch graphs of the following functions. Find the domain
and range of each.

1) = /T =3 a1 DOMAIN
"= * ol 72 AND RANGE
€ firx—id-1x d y=22-Tz 410 (W,
e f(z)=v2T+13 f flz)=v2T-14
8 f:z+— 5r— 322 i f:m'—-;z+%
ly=:t; | y=23-322-92+10

ey S8 o e i g
k f:x . oy |l y=2*+=x

my=2"+— n Sz ot 423 — 160 +3
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INVESTIGATION 1

When water is added at a constant rate to a cylindrical container, the depth of water in lhe container
is a linear function of time. This is because the volume of water added is directly proportional to the
time taken to add it. If the water was not added at a constant rate, depth of water over time would
not be a linear function.

The lincar depth-time graph for a
cylindrical container is shown alongside.

walter

- 4
time
In this investigation we explore the .
changes in the graph for different shaped
containers such as the conical vase.
DEMO
- »
1 ; time

What to do:
1 By examining the shape of each container, predict the depth-time graph when water is added at

XX

a b <
2 Use the water filling demonstration to check your answers to question 1.

3 Write a brief report on the connection between the shape of a vessel and the corresponding shape
of its depth-time graph. First examine cylindrical containers, then conical, then other shapes.
Gradients of curves must be included in your report.

& Suggest containers which would have the following depth-time graphs:

ety ® s dopet € § depn e
timg_ time timg, timg,
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Given f:xv» f(x) and g: xre g(x), the composite function of f and g will convert
x into f(g(z)).
fog is used 1 represent the composite function of f and g. It means *f following g™.

(Fog)(z) = flg(x)) or fog:z— f(g(z))

“

Consider f:xz—2* and g:z+— 2xr+3.
fog means that g converts r to 2r + 3 and then f converts (2r +3) to (2x + 3)L.

This is illustrated by the two function machines below.,

+ Notice how f is
l [ g-function machine following g.
I double 2z + 3
and then
add 3 l J-function machine

%‘I | rise a ‘—|
number to rem— l

the power 4

- —

(2x +3)!

Algebraically, if f(z) = z* and g{x) =2r+3 then

(fog)x) = flglx))
= f(2xr +3) {g operates on x first}
= (22 +3)*  {f operates on g(x) next}

and (g f){x) =gl f(x))

= glx?) {f operates on x first}
=2(2*)+3  {g operates on f(x) next}
=274 43

So, [flg(x)) # g(f{x)).

In general, (f o g)(x) # (g o f){x).

Given f:x—2r+1 and g: z++3~— 4z, find in simplest form:

a (fegllz) b (gof)(x)

flx)=2c+1 and g(z) =3 -4dx

a (feg)(z)= flg(x)) b (go f)z) =g(f(x))
= f(3 — 4x) =g(2r+1)
= 2(3 — 47) + 1 =3-4(2z+1)
=6—8z+1 =3-8—4
=T7—8z = —8 - 1
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In the previous example you should have observed how we can substitute an expression into a function.

If f(x}=2x+1 then f(A) =2(A)+1
andso f(3—4z) =2(3—4z)+ 1.

| Example 7 | < Self Tutor

Given f(z)=6x~5 and g{x)=z?+x, determine:
a (gof)(-1) b (fo f){0)
B (9o f)(=1) = g(f(-1)) b (f = £)(0) = F(£(0))
Now f(-1)=6(~1) -5 Now f{(0) = 6(0) — 5
S (ge N)(=1) = g(-11) s (fo FUD) = f(=5)
= (—11)% +(-11) =6(-5) -5

The domain of the composite of two functions depends on the domain of the oniginal functions.

For cxample, consider f(z) = z*

(feogl(x) = flg{x))

with domain r € R and g(zx) = /= with domain x = 0.

= (VT)? The domain of (fog)(z) is z 20, not B, since (fog)(x)
=z is defined using function g(z).
EXERCISE 2D
1 Given f:z+—2z+3 and g: x+—1—=z find in simplest form:
a (fegllz) b (gof)x) ¢ (fogi-3)
2 Given f(r)=2+2z and g(z)=3-=z find
a (fof)(x) b (fog)lx) ¢ (gofifx)
3 Given f(z)=v6—-2z and g(z)=5z~7, find:
a (gog)(x) b (feog)l) ¢ (go f)(6)

& Given f:x—2z° and g:2—2—z, find (fog)lz) and (go f)(z).
Find also the domain and range of feg and go f.

§ Suppose f:xr2®+1 and g:x—3—=r
a Find in simplest form: i (fog)lx) il (gof)ix)
b Find the value(s) of x such that {go f){xz) = flz).

6 a If ar+b=czr+d forall values of x, show that a =¢ and bh=d,
Hint: [Ifitis true forall @, itistrue for =0 and = =1,
b Given f(x)=2x+3 and g(x)=axr+b andthat (fog)(z) =z forall values of x,

deduce that a =% and b= —%.

¢ Isthe resultinb true if (go f)(xz) == for all x?
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7 Given f(z)=+v1I-z and g(z)=z° find:
a (fog)lz) b the domain and range of (f < g)(x)

Sometimes we do not wish 1o draw a time-consuming graph of a function but wish to know when the
function is positive, negative, zero or undefined. A sign diagram enables us to do this and is relatively
casy to construct.

For the function f(x), the sign diagram consists of:

e 4 horizontal line which is really the x-axis

e positive {+) and negative (—) signs indicating that the graph is above and below the z-axis
respectively

e the zeros of the function, which are the z-intercepts of the graph of y = f(x). and the roots of
the equation f(z) =0

DEMO
e values of x where the graph is undefined. f?»
Consider the three functions given below,
4
Function yv=(x+2)(x-1) y=—-2(x-1)2 v=—-
u AU ¥
D S N
Graph z
Sign - | : - P4
diagram -2 1 x 1 xr 0 &

From these signs you should notice that:

e A sign change occurs about a zero of the function for single lincar factors such as (z +2) and
(x —1). This indicates cutting of the r-axis.

e No sign change occurs about a zero of the function for squared linear factors such as {x — 1)°.
This indicates touching of the z-axis.

o 0 indicates that a function is undefined at x — 0.

In general:

o when a lincar factor has an odd power there is a change of sign about that zero
e when a linear factor has an even power there is no sign change about that zero.
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Example 8

Draw sign diagrams for:
a v b
-2 1 4f

oi) Self Tutor

a b
= = |-
L ]| Ve i e L. =
s 1 -2 3 3
EXERCISE 2E

1 Draw sign diagrams for these graphs:
a

y=2

=}
&
Il
=
]
I
=

~
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Example 9

Draw a sign diagram for:
a (z43)(zx-1)

b 2(2x+5)(3 ~x)

a (x+3){x—1) has zeros —3 and 1.

+
- . L ez

=3 1

We substitute any sumber > 1,
When =2 webave (35)(1) =0,
S0 We put & + sign here,

As the factors are single, the signs

b 2(2x+5)(3—x) haszeros —% and 3.

| 1 It
]
s 3

We substitate any number > 3,
When =25 we have 2(15)(—-2) < 0,
50 We pat & — sign here.

- I

-

As the factors are single, the signs
alternate.

alternate.
— e ¥ — I | — . l
-3 1 -4 s
J
G el Tutor
Draw a sign diagram for: ;
a 12-32° b —4(r-3)?
a 12-3z% = -3(z° - 4) b —4(z ~3)? has zero 3.
=-3(x+2)(x-2)
which has zeros —2 and 2.
- I l 1 > I - ] T > I
2 2 3 i

We substitute any sumber > 2.

50 we put & ~ sign here,

As the factors are single, the signs

When = =3 we bave —3(5)(1) < 0,

We substitute any pumber > 3.
When = =4 we have —4(1)? <0,
50 we pul & — sign here.

As the factor is squared, the signs do

alternate. not change.
ST} e ety Heulmny ollegr® o, sab in 1 £ ik
-2 2 3
2 Draw sign diagrams for:
a (r+4)(zx-2) b z(r~3) ¢ z(r+2)
d —(x+1)(zx-3) e (2r—1)(3-1x) f (56-zx)(1~-2z)
g z° -0 h 4-=x | 5z —a?
| o*~3zx+2 k 2- 87 I 622 +2-2
m 6~ 16z — 6x? n —22° +9x+5 o —15x%—x+2
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3 Draw sign diagrams for:

a (z+2)? b (x-3)° ¢ —(x+2)?
d —~(x~-4)° e 2 -2r+1 f -2 +4x—4
g 4r? —4r+1 h -z2-6z-9 i —d2?+12r-9

|_Example 11 m

: i -1
W for

Draw a sign diagram T
-1 iszcrowhen x=1 and undefined when z=-3
2 +1

i : -1
= : L ——— =10 =

3 1 = When =10, ——— x>0

Since (x—1) and (2x+1) are single factors, the signs altemate.

+ 1 -, +

...i 1

& Draw sign diagrams for:

a r+2 b T e 2r+3 d qr -1
r—1 r+3 Y 2—-x
P _ — 112 "
e Jnro ¢ 'Hz 9 (x—1) h 4 "
r-2 3—-=x T (1)
| ErE-1) l x(x~1) K x? -4 | 3-x
3~ 2-=T - 21?!—:1'—6

We have scen that a lincar function has the form y = ax + b,

When we divide a lincar function by another lincar function, the result is a rational function,

Rational functions are charactenised by asymptotes, which are lines the function gets closer and closer
to but never reaches.
ax + b

. These
cr+d

The rational functions we consider in this course can be wrilten in the form gy =

functions have asymptotes which are borizontal and vertical.

RECIPROCAL FUNCTIONS

A reciprocal function is a function of the form z 1+ g o flz) = g where k £ 0.

The simplest example of a reciprocal function is f(z) = -;!r-
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The graph of f(x) = 5 is called a rectangular hyperbola.

v Notice that:

e flx)= L is undefined when z =0

]
e The graphof f(z) = % exists in the first

and third quadrants only.

; 1 . .
o flz) = s symmetric about y = z and

x Y= ~—Z.

e as xr— oo, f(x)—0 (from above)
as x — —oo, fl(x) — 0 (from below)
as x - 0 (from the right), f(x) — oc
as x - 0 (from the left), f{x) — —oo

e The asymptotes of flx) = ; are the

a-axis and the y-axis.

GRAPHING
—+ reads “approaches” PACKAGE
or “tends 10" "W 3

What to do:

1 Use the slider to vary the value of & for & > 0.

X 1 2
a Sketchthe graphsof y=-, y=-, and y= on the same set of axes,
x xI

Hle

b Describe the effect of varying k on the graph of y = §

2 Use the slider to vary the value of & for & < 0.
2

. 1 4
@ Sketch the graphsof y=——, y=-—=, and y=—- on the same sct of axes,
xr xr I

® Describe the effect of varying & on the graph of y = —:-
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RATIONAL FUNCTIONS OF THE FORM y = ‘;‘::3, c#0

2r+ 1
z—

The graph of f(x) = 15 shown below.

“ Notice that when x = 1, f(z] is undefined. -
The graph approaches the vertical line x =1, s0 x=1 isa
vertical asymptote.
y=2 Notice that  f(0.999) = —2998 and f(1.001) = 3002,
:\/\3 - We can write: as x — 1 (from the left), f(x) — —=c
-3 / ' as x — 1 (from the right), f(z)— oo
ke
or ar—1", flr)—-x
, z=1 as r— 1%, flx) = .

To determine the equation of a vertical asymptote, consider the values of = which make the function
undefined.
2r+1 . +1 -

The sign diagram of y = —— : ;
n B |

x and ¢an be used 10 discuss the function

near its vertical asymptote without having to graph the function.
The graph also approaches the horizontal line y = 2, so y = 2 is a horizontal asymptote.

Notice that  f(1000) = 255 ~ 2,003 and f(~1000) = %‘z‘l’ =~ 1.007

We can write:
a8 r—o00, y—2 (fromabove) or asx—o0, y—2°
as = -+ —oo0, y-+2 (frombelow) or as T — —oo, y—2°.
We can also write: as |z| — oc, flz) — 2.

This indicates that as x becomes very large (either positive or negative) the function approaches the
value 2.

To determine the equation of a horizontal asymptote, we consider the behaviour
of the function as |z| — oo,

INVESTIGATION 3

What to do:
GRAPHING
1 Use the graphing package supplied or a graphics calculator to examine the PACKAGE
following functions for asymptotes: ‘W’
3 3x+1 _2r-9
e b= s Rt 3

2 State the domain of each of the functions in 1.
3 How can we tell directly from the function, what its vertical asymptote is?



-
L

FUNCTIONS  (Chapter 2)

DISCUSSION

Can a function cross a vertical asymptote?

o Self Tutor

6
x—2
a Find the asymptotes of the function. b Find the axes intercepts.
¢ Use technology to help sketch the function, including the features from a and b,

Consider the function y = + 4,

a The vertical asymptote is z = 2. < i
The horizontal asymptote is y = 4.
b When y=0, -5 —_4
r—2

~4(r-2)=6
—4r 48 =46

', =dr = -2
=5

When z=0, y==L+4=1
So, the z-intercept is 3 and the
y-intercept is 1.

Further examples of asymptotic behaviour are seen in exponential, logarithmic, and some trigonometric
functions,

1 For the following functions:

I determine the equations of the asymptotes
il state the domain and range

find the axes intercepts

v discuss the behaviour of the function as it approaches its asymptotes
v sketch the graph of the function.
3 3 + 3 3z —1
af:z»—«n by=2—x’] < f::r»—-:Tz df(r]:f_‘.o
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2 Consider the function y = “::, where a, b, ¢, d are constants and ¢ # 0.
or

a State the domain of the function.

b Siate the equation of the vertical asympitote.
b— 24

¢ Show that for c#O.”"'b=‘.'.+ <.,
cz+d ¢ cx4d

Hence determine the equation of the horizontal asymptote.

ACTIVITY

Click on the icon to run a card game for rational functions.

The operations of + and —, x and =, squaring and finding the square root, arc inverse operations as
one undoes what the other does.

For example, z+43-3=x zx3+3=1 and V8 =8

z—3
2

The function y = 2xr+3 can be "undone” by its /nverse function y =

We can think of this as two machines. If the machines are inverses then the second machine undoes what
the first machine does.

No matter what value of z enters the first machine, it is returned as the output from the second machine.

1
input l

y=2r+3 [_ﬁywpm
|

S N
W ]I:lll

1 output
A function y = f(x) may or may not have an inverse function.
If y = f(z) has an inverse function, this new function: 7= is not the
e is denoted f'l(::) reciprocal of f.

e must indeed be a function, and so must satisfy the vertical line test I"'(z)#ﬁ
e is the reflection of y = f(z) inthe line y =z

e satisfies (fof~')(z)==z and (f~'of)(z)=2

The function y = &, definedas f: x > x, is the identity function.
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If (x, y) lies on £, then (y, x) lies on f~'. Reflecting the function in the line y = = has the algebraic
effect of interchanging x and y.

Forcxample, f:y=5r+2 becomes f~':2=05y+2

The domain of /=" is equal to the range of f.
The range of ! is equal to the domain of f.

y=f(r)
=z y=f"'(z) isthe inverse of y= f(z) as:

/

4 E e itis also a function
/ =f"x) e it is the reflection of y = f(z) in the
line y=u.

0
Y

The parabola shown in red is the reflection of y = f(x)
in y = z, butitis nor the inverse function of y = f(x)
as it fails the vertical linc test. y=J(x)

In this case the function y = f(2) does not have an
Inversc.

u=f{=), "'_.;0 Now consider the same function y = f(x) but with

the restricted domain x = 0.

The function does now have an inverse function, as
shown alongside. However, domain restrictions like this
are beyond this course.

p=JS"Yx),y=0

xr

0 et Tutor

Consider f:x— 22+ 3.
@ On the same axes, graph f and its inverse function f—!.
b Find f~!(x) using:
I coordinate geometry and the gradient of y = f'(z) from a
i vanable interchange.

¢ Check that (fof~")(z)=(f"cf)z)=z
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a f(z) =2z + 3 passesthrough (0, 3) and (2, 7).
S~ (x) passes through (3,0) and (7, 2).

ymd{z) If f includes point
(27) y==x (@, b) then f~?
- includes point (b, a).

T y=fz) \

b i y=F'(z) has gradient = =3 i £ ol s,
(- e =
Its equation is L —o = f' 4‘5 r_2y+3
r—3 2 . T—3=2y
F =1:—3 "t 0
.Y : w2y '
f_l['.f] - 1’-; o f—](;r) = Z;-;
€ (fof =) and (f~1o f)(z)
= f{f7(=)} = F7Y{f(=))
=== = f~1(2z + 3)
f( 23) _(2m+3)—8
= a B
=2( . )+3 s 2
=7

The reciprocal function  f(x) = l, x # 0, issaid to be a self-inverse function as f = '
xr

This is because the graph of y = 1l s symmetrical about the line gy = x.
£

Any function which has an inverse, and whose graph is symmetrical about the line y =,
is a self-inverse function.

Graphics calculator tip:
When graphing f, f~', and y = z on the same set of axes, it is best to set the scale so that y = =
makes a 45° angle with both axes.

EXERCISE 2G

1 For cach of the following functions f:
I On the same st of axes, graph y ==, y= flx), and y= f~'(z).
i Find f~'(x) using coordinate geometry and the gradient of y = f~'(x) from i
ili Find f~*(x) using variable interchange.
z+2

a f:z2—3x+1 b f:zw
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2 For cach of the following functions f:
| find f~'(z)
il sketch y= f(x), y=f""(z). and y = = on the sameset of axes
fii showthat (f 'o f)(x)=(fo S ')(x) == the identity function.
3—-2z

a f:xz— 2245 b frzws € fizr—ax+3

3 Copy the graphs of the following functions and draw the graphs of y =z and y = f ~'(x) on
the same set of axes,

a b 3 PRINTABLE
v GRAPHS
y=f(x) ‘ﬁ -
— _r) .
Yy f( s x
- - -
9
d e f

& For the graph of y = f(x) given in 3 a, state:
a the domain of f(x) b the range of f(x)
¢ the domain of f~'(x) d the range of f~(x).

5 a Comment on the results from 3 e and .

b Draw a linear function that is a self-inverse A ‘_‘f"c'il"“ is sclf-inverse
function. it f7(x) = f(x).

. . 1
¢ Draw a rational function other than y = —, \
- 4

that 1s a self-inverse function.

6 Ifthe domain of H{x) is {z|-2 <z <3}, state the range of H™(x).
7 Given f{x)=2x-5 find (f~")""(x). What do you notice?

8 Sketch the graph of f:z — &* and its inverse function f—'(zx).

9 Given f:rxw— l. x#0, find f~' algebraically and show that J is a self-inverse function.
-

10 Show that f:z.— 3 —,f. z # 3 is a self-inverse function by:
-
a reference to its graph b using algebra,

11 Consider the function f(x) = 4z ~ 1.
a Find f'(z). b Find: i (fof ')z) i (f o f)(x).

U —
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. . 8 — 3
12 Consider the functions f:2z+—2x 45 and g:z -

a Find g '(-1). b Show that f~'(-3)—g~'(6) =0.

¢ Find zsuchthat (fog™')(z) =9
13 Consider the functions f:x+— 5" and g:x+— /T.

a Find: 1 f(2) W g='(4). b Solve the equation (g~ ' f)(z) = 25.
14 Given f:x+~—2r and g:zw dzx =3, show that (f~'og ') (z) = (go f) " (x).
15 Which of these functions is a self-inverse function?

a f(z)=2r ® fiz)==2 ¢ flz)=—-x

d 3 o 8

flz) == e flx)=-<

16 The horizontal line test says:

For a function to have an inverse function, ne horizontal line can cut its graph more than once.

a Explain why this is a valid test for the existence of an inverse function,
b  Which of the following functions have an inverse function?

i v ] iii 7Y
1
-1 x
I
REVIEW SET 2A
1 For each graph, state:
I the domain i the range ili whether the graph shows a function.
b
a A 1”
i % 2
/ v - xr
¢ u d
\ /
- “+r >

2 If flz)=2r—2% find: & f(2) ® f(-3) ¢ f(-4)

3 Suppose f(x) =ax+b where @ and b are constants. If f(1) = 7 and f(3) = ~5, find
a and b.
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& If g(x)=x*—3x, findin simplest form: a gle+1) b g(x?-2)
5§ For each of the following graphs determine: |

i the domain and range W the r and y-intercepts
Wi whether it is a function.
b
. ¥
= ol
‘\ / & =
-1 5 5 i
2 { Q—.
v ¥ (2,°5)

é Draw a sign diagram for:

2 (32+2)(4-2) 8=8

a2 4 4+ 4
If f(x)=az+5, f(2)=1, and f‘1(3]=4, find a and b.

Copy the following graphs and draw the inverse function on the same set of axes:

a v b v

2

A<
Y
3

[ S, N
!

9 Find f~'(x) giventhat f(z) is: a dr+2 b

10 Consider f{z)=2% and g(z)=1- 6.
a Show that f(—3) = g(—4). b Find (fog)(~2).
¢ Find z such that g(x) = f(5).

11 Given f:2+—3x+6 and h:;no—=§, show that (f~'oh=1)(z) = (ko f)~)(z).

1 For cach of the following graphs, find the domain and range:
a b

2 If flx)=22-3 and g(zx)=2*+2, find in simplest form:
a (feg)z) b (g0 /)(x)
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Draw a sign diagram for:
x? —6x — 16 49
- r—3 ® :r+5+x
Consider f(z) = ;‘, ;

a For what value of z 1s f(z) undefined, or not a real number?
b Sketch the graph of this function using technology.
¢ Statc the domain and range of the function.

Consider the function f{z) = 2=+3.

x—b

a Find a and b given that y = f(z) has asymptotes with equations = = ~1 and y = 2.
b Write down the domain and range of f~'(z).

Consider the function f:x+— e

2—-x

Determine the equations of the asymptotes.

State the domain and range of the function.

Discuss the behaviour of the function as it approaches its asymptotes,
Determine the axes intercepts.

Sketch the function.

Consider the functions f(z) =3z +1 and gl(z) = %
a Find (ge f)(z).
b Given (go f)(z)=—4, solve forz.
¢ Let h(x)=(gof)(z), =#-4
i Write down the equations of the asymptotes of h{x).

ii Sketch the graph of h(z) for -3£z <2
lil State the range of h(z) for the domain -3 <z < 2.

Consider f:zr— 2x—T.

a On the same set of axes graph y ==, y= f(z), and y= f~(z).

b Find f~'(z) using variable interchange.

¢ Showthat (fo f~Y)(z)=(f""o f)(z) ==, the identity function.
The graph of the function f(x) = ~3z%, 0<r<2 ‘Y
is shown alongside.

a Sketch the graph of y = f~1(z). v

b State the range of f. B 1{l.—23] -
¢ Solve: 5
I flz)=-10 B i) =1
-10
(2,-12)
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REVIEW SET 2C

1 For cach of the following graphs, find the domain and range:
a y] b

3

(-2,1) -

2 Given f(z)=2%+3, find:

a f(-3) ® & suchthat f(z) =4.
3 State the value(s) of = for which f{x) is undefined:
a f(z)=10+2$_1 b fl2)=vz+T

& Draw a sign diagram for:

a f(z) =z(zx+ 43 + 1) b fz) = ~11

(x+ 1)(x + 8)
§ Given h(r)=7-8x, find:

a h{2z —1) in simplest form b zsuchthat A(2r-1)=-2
6 If f(z)=1-2r and g(x)= /=, find in simplest form:
a (fogliz) b (9cf)z)

7 Suppose f(z) =ax®+br+c Finda, b, and cif f(0) =5, f(—2)=21, and f(3) = —d.
8 Copy the following graphs and draw the graph of each inverse function on the same set of axes:

Sy .,

9 Find the inverse function f~'(x) for:

a f(z)=T—dz b flx)= L2

10 Given f:x—52-2 and h:z— =, showthat (f~)oh=Y)(z) = (he f)*(x).
11 Given f(z)=2z+11 and g(z)=2% find (gof~')3).
12 Sketch a function with domain {z | z # 4}, range {y|y # ~1}, and

signdiagram _ — , *+ ! — _ .
) (RE




Answer Key

EXERCISE 2A

1ade 2 abcecegi b No.irof :
& No, for example (0, 3) and (0, ~3) satisfy the
EXERCISE 28 "
3 Wl b s ¢ -1 d ~13 .-
2 N3 b2 ¢ -6 ‘—68_
3 a -3 b1 cd d -3

b 0 7-2 b T3 € -Ja-2 d10-3
e |-3r f 7—32-2a

5 a 224100543 b 22 ir 413
€ 2r'  3r 1 d 2:9 4902
€ 2832 _o vw+m+3)~x+2h’+3h—n

tail4 m-j i -3
b r=yq ¢ %‘v dr=}
T fisthe ﬂmctioowhitheomrmritno flx) whereas f( ) is the
value of the fusction g any value of r.
8 a Omoeuu.uh:aﬂerl)un
b t=45)mmc&nfbf&p!|Mompialom¢lavqju
of 5780 curvs,
€ 9630 euros
10 f{r) = -2+ 45
MNaw3 b=-2
12 a =3, b= -1, o= 4

EXERCISE 2¢
T 2 Domain = {r |23 g}, Range = (y | y < 3}
Dnmﬁl:(zl—l(z(&). Range = {yl1<yey
Domain = {1 | z ¢ 2), Range = {y | y # -1}
Domain = {x | x € B}, Rosge = {y |0 < y ¢ 2}
Domain = {r | z ¢ R}, Ringe = {y| g = -1}
Domasin = {x | r € R}, Ruge = {v |y < %)
Min:{rl:}—i}. Rntucz(yly3~3}
Dnmma(.x]rGR}- RW'—‘{!'V)‘z}
Dminv.{tl:t#:kﬂ.
Range = {y |y < ~1 or y >0}
J(x) defined for R -6 Dnmah:{:lz;—a}
J(x) defined for = £ 0, Domlh:{:lr"(l}
J(=) defined foe r<i, Demain = {z | = < §)
Domsis = (x| x € B}, Range = {y |y € R}
Da-nin-{zl.:elt). Range = {3}
Domais = {x | = » 0), Range = {y |y = 0}
Domain = (2 | x 4 —1}, Range = {y | y % 0}
Domain = {x | = = 0), Range = {y |y < 0}
Damain = {2 | r 4 3}, Range « (y | ¥ # 0)
Domein = {x | = = 2), Range = {y |y = 0}
Domain = {z |+ # n}, Raage = (y | y > 0)
={x|zg4), Range = {y |y = 0}
Dumin-(zl.rek). ng=={vak-2i}
bomm={x|zel}.ﬂnm-{ylv>21
Duuina(z(xs—zmr;z}. Range = {y |y > 0)
W-irlzel}.ﬂm={vly<ﬁl
n={x|n ¢ 0}, Rqe=(y|y(-2ory32)
n«mi.-mz;ez). Range = {y | g # 1}
Donuine(z{.rei!}. Range = {y | y £ R)
={:|:,‘—l.tmdz;é2).
Range = {y |y 5 § or y 23}
in = {r |z #0), Range = [y | y = 2}
'c{xlr#ﬂ).hqn-{ylyﬂ—!ory;?)
Dosain = (x| 2 & &}, Range = {y | y > -8}

~“~ T
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EXERCISE 20 M

b -2r.2 ¢ 11
2 2d4x L € 1l-z
3 8 Zr-aqa b V& € -7

& Slo(x) = (2~ 22,
Dmn-':e(rlareR). Dumlln:{zl.rell].
Range = {y | y = 0} . Range = {y |y 5 2)

L T [ W22 ba-t;},

6 a Let z=q, - b=d adso
ar+b=cr+b
Sooer=er forall p
Lot 2=, a=¢
b (fo9)(=) = Rojx 4 (24 3] = 12 4.0 for ail =
W Qaw]l aad 204+3J =0
€ Yes, ((goj]{z):[h]r«r[.’ia-#b})
7T 2 (fog)z)=vT—2?
b Dom-'-{xl-l(z(l]. Mp-{v}ﬂ{y(l}

(f(x)) =2 - 42,

EXERCISE 2¢
| . + b - + -
“‘;‘.: ‘—_‘lﬁ—rﬁr
¢ ‘ . ‘ El - +
e T e
€ - - f iy i -
’ ) - M
8 - l + b ‘ * -
0 - M
I I
THh L T + - -
e i i g =»
k -4, - - ! -I-ol- 1i-
103 °° 21137
’ E -+ - + b + - +
i TR o R
< + - + d - + -
M e N N S
e - + - f + - .
——— . .-—fql_.x
i a " LI |
* L, . . h - o -
i - + - I + - +
k - + - I + - &
—— e o1 -— .y
-4 { -§ §

. L g n - . £ =
C—%—_.x ‘—‘hl‘.g
EE 4

°
- + =S
'—I‘_J‘.
-1 E



+ - b - +
,—t e s S ———— -
-2 J
- - d = =
- — - >-—i e
-2 4

- . f — - :
- L e
-—
1 " 1
‘ + . — .,
>-— e - -3
i
- B
C—‘»‘ r
3
+ - + b -+ - .
= x
-2 1 -3 o
. + - d - + |-
—t—i T —t—r)he £
-1 4 | 2
- - l& ' - - -
- - - -
0 z . ° § '
=% | 4 + h - | - 4 p.
-—u -—
0 A ST
+ - |- | ¢ - 41 -
>-———i . g - A
4 18 % o1z
4, =14 . I 3 B I I
-2 0 2 -3 2 3

1

I ventical asympecne © = 2, harizoatal asymptoe y = 0

i Domain = {z | x # 2], Range = {y |y 0}

W vo z-mteroept, g-imercepn — 3

Was re2", y— -
wmor— 2%, s

B or oo, pg-0"
e e, y—0°

3
M=

fr:’l

i vertical asympiote = = =1, horizontal asymiptose y = 2
il Dosain = {z | 2 # 1}, Range = (y | v # 2}
Wi reintercept §, gpeintercepe ~1
Vo 2——1" goeac
wr—-1" g— -

s r-oo, y—2
as r— —oo, y- 2t
v

N
+l

€ 1 vetical asympeok = 2, homizcanl ssyrmptote yv=1
B Domatin = (| x # 2}, Ramge = {y |y # 1}
W r-intercepl —3, yeistercept — 3
vas r 2", gy -0
mx—2% y—oo

as r—o0 y-1?
2 r— -, pg—1-

r=3

d | venical symplote z - =2, herizontal asymiptote y =g

-~

I Damain = {x | x # <2}, Range = (y |y # 3}
Wi z-mtercept §, y-interoept — 3
va r—-2"_ y-.mx S r—og, g3

s e -2 gy oo .
v

b T |
fz)= ]

2 a2 Domm-:{rlr;é-fl
¢ Horizonul asympioe - X

gy ®=1
LS (:l——s
-3

2 e | S Y)=



fuif-?

. {:)~2S2S0}

b (vlozyes)
< {thGzSB}

d {y-25yx 0}
d Sand £ sre the same, They are sel Cimvensy functions.

b Faor cxemple, ay linenr ¢ F:rmmplc.anyd
fusction with slope = ),

Y= :. “ER azo,
Ar’ x

Note: lhm.-nqhohmun

={vl-2¢y<ay
) is the same s (f=1)"x)

S=st
& sell-invens function
'=:f+: IS symmetrical yhoet ye=uo,
]iaxlﬁmmhﬂﬂh
'(:J:%‘;’ nd ;m="’:+:
Jf= g

S S 80 sulftinverse function
Me)=2r42

0 (x) m o WU of)a)=z

Note: These may be other armowers.

ANSWERS  g§!
® M= 2w gy,

97 E) =8 2r oy 976) = —4
~976) - gy =g
Cre=3
7 4 i W16

14 (-1 eg™)(z) = ’8;3 wd (go f)-Vz) = %3

b r—

d s € s

Be o function and mus
Merefore satisfy the verrical line test, which it can caly do ir

he eriginal finction satisfies the hosizonga| liee

fest

bl'unconlyone

REVIEW SET 24 y

1 a lncmin-{zlzel) llkmgeacy(p»—c}
Wi Yes

b lDoml'n:{.rlzel} ﬂMc{?} W ye
< lDomine{zlch)

I Range = (y |y —1 o yx1)
d i Domlin*{-l‘lrﬁl}

lRllpc={vJ~5»2y$.5) W Yes
2 a0 ® -15 ¢ -} }a=f b=13
b Ao g ® 27?40

5 a | Domain = {x | x & p), R-Inae-(ylvk--sl
s 3 function

i No

B xint <1, 5, poim -&

1 Dmnine{tlrek}. Range

[} 0 r-indercepes, w-imercept 1
6

={o|y=1or-3)
I is & fmetion

3 —4dr

b !"'[r)e-T

& fl-3)=(-3)2=9g b 160
f-§)=1-6-§)=9

(I"ok"K-rJ=(k°!J"(=)-=—2

v YT eTé
REVIEW SET 28

1 a Dmmin-:{.rlzek}. Rngc:(y[v;—l}
b Dom'm:{r.}:r;éo.z#?}.

Range = {y |y ¢ ~lory =0}

€ x4

2 2 2:24, b 42?2 12412
W - - ey +
C—_zh_%a‘.r '—1—‘.‘.



REVIEW SET 2C EEEEEENNSSSSSS
1 & Domale = {r|x 2 -2} Rangew {y| 15 y<3)

b Doman = {r€R), Range = {y |y =—1 lor2)
2 a2 b zw 4l 3 sar=1} b z< o7

I QR
NI e ; -,
-4 -3 0 - -l

$ 2100z b =2 6 21-27 b VT35
Domain = {# | x # 0}. Range = (y |y > 0} B et Va8 =B

a=2 b= -1 B a
Domwin = {z | x # 2}, Range = {y |y # -1}
vertical asymptote = = 2, horizontal asymptote y » ~4
Domain = {x | z # 2}, Range = {y |y # ~4}

A8 T2, y—x a8 r—o00, y— -4~
s r—2 y— -0 N5 I = =00, y— —4F

xointercept ~ 4, yeimercept §

1

" a 1-'@]-% b a3
. P 10 (fohr = (ho ) M) = 22 1 16,
i, " ¥ jx=d

i
|

7 e (goie)mgs b a=—}

¢ | vertical asympiote = = —34,
honzoatal asymptore y = 0

s

.
=g
P= N I’s;.

-3.-9

W Ronge = {w|ps 1 or y= 3)

0 W ) [ L
2
? a v 2 y=x
.x'/
Py
s
s 10
——{1,-3)
w=f(z|
(2,-12)

® Range w {y |0 < y < 2}
¢ | r=-183 ilhz2=-3



